The problem of radial fingering in two phase gas/liquid flow in a Hele-Shaw cell under injection of gas is studied here. The fingers arise as an instability of a time-dependent flow. The instability is analyzed as a viscous potential flow, in which potential flow analysis of Paterson ͓L. Paterson, J. Fluid Mech. 113, 513 ͑1981͔͒ and others is augmented to account for the effects of viscosity on the normal stress at the gas/liquid interface. The addition of these new effects brings our theory into a much better agreement with experiments of Maxworthy ͓T. Maxworthy, Phys. Rev. A 39, 5863 ͑1989͔͒ than other theories.
I. INTRODUCTION
A Hele-Shaw cell is a device whose essential features are two closely spaced parallel plates containing a thin layer of viscous fluid. The equations governing the flow of the viscous fluid in the gap are similar to those governing the flow in a saturated porous medium, but important differences arise in the case of the equations that must be satisfied at a free gas/liquid surface and, of course, in the way the nonlinear terms appear in the two problems. This paper focuses on effects of the viscous normal stress which are neglected in all works on Hele-Shaw flow in the radial injection of gas into liquid. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] The only mention of the viscous normal stress that we could find in the literature is in the paper by Pitts, 11 p. 60
where he notes that "If we ignore the contribution to the normal stress arising from the viscosity and velocity gradient ͑this can be shown to be small compared to the curvature in the x, y plane͒ we obtain for the pressure p 0 at the origin…." We do not wish to evaluate this statement for the SaffmanTaylor experiment studied by Pitts, 11 but it is not correct for the case of radial fingering studied by Paterson, 1 as we shall show here. Under constant injection of gas, the volume of gas in the cell must continuously increase at a constant rate. In the basic state, the volume of gas increases in a circular disk which at some radius R͑t͒ nucleates into fingers. After this, the increasing gas volume is achieved by the growth of fingers.
II. GOVERNING EQUATIONS FOR INJECTION
From Paterson, 1 the definition of the potential is j = M j p j , v j =−M j ٌ p j =−ٌ j , for j =1,2 with the mobility M j . In a basic state, fluid "1" is inside ͑0 Յ r Ͻ R͒ and fluid "2" is outside ͑R Ͻ r Ͻϱ͒, where R ϵ R͑t͒. The volume flow V of fluid 1 is expressed as V = Qb where Q is the circular area velocity and b the width of two plates. Integration of V with respect to time t gives
where R 0 is the initial radius of the interface. For injection with Q Ͼ 0, R increases from R 0 . For withdrawal with Q Ͻ 0, R decreases from R 0 and is terminated at t = t e for which Qt e + R 0 2 = 0. Withdrawal is easily obtained from injection and will not be discussed further.
The velocity potential j for j =1,2 satisfies the equation of continuity 
͑3͒
The normal stress balance at r = R͑t͒ + a͑t , ͒ is expressed as 
where is the surface tension coefficient and the unit normal vector is n; the normal viscous stress is taken into account in the normal stress balance.
A. Basic flow
Let the velocity potential j = 0j + 1j where 0j for basic and 1j for perturbed flow of gas/liquid interface. For basic flow, the interface is given by r = R͑t͒, where the mean radius R͑t͒ satisfies R͑t͒ 2 = R 0 2 + Qt. The velocity potential satisfies Laplace's equation and is given by
The kinematic condition at the interface is given by
͑7͒
Then the pressure is given by p 0j ͑r , t͒ = 0j ͑r , t͒ / M j where j =1,2. And, the normal stress balance follows is given by
which provides c͑t͒:
The first part is the pressure difference, the second the surface tension, and the third is due to viscous normal stress. The effect of the viscous normal stress on the evaluation of the forces acting on the perturbed interface was neglected by all previous authors.
B. Perturbed flow
The perturbed interface is given by r = R͑t͒ + a͑t , ͒, for which the interface displacement with azimuthal mode n may be expressed as a͑t , ͒ = A 0 f͑t͒exp͑in͒ + c.c., whence the volume is given, for the small disturbance, by
The velocity potentials are given by
͑11͒
which satisfy the kinematic condition at the interface r = R͑t͒ + a͑t , ͒ ‫ץ‬a ‫ץ‬t 
͑15͒
Thus, the normal stress balance for the perturbed field Eq. ͑14͒ is given by 
͑17͒
If ͓M 1 ͑n −1͒ − M 2 ͑n +1͔͒ is positive for n Ͼ 1, it causes instability, but the viscous term due to viscous potential flow ͑VPF͒ and the surface tension act as stabilizing. Also, Eq. ͑17͒ with b 2 = 0 goes to Eq. ͑10͒ of Paterson.
1
To investigate the effects of VPF terms proportional to b 2 , consider the case = 0 when the finger number n ӷ 1. In this case
and the VPF terms are stabilizing. On the other hand, when
so that large finger numbers are unstable and since fЈ / f ϰ n, they are Hadamard unstable; large finger numbers grow with n without limit for any time no matter how small, as n → ϱ.
III. DISPERSION RELATION IN DIMENSIONLESS FORM
The scales for time and length are put as
The dimensionless parameters are defined as
where Ṙ is the velocity of the interface. Also for the capillary number N Ca , this can be divided by two dimensionless parameters as
and P is a more appropriate parameter than the capillary number N Ca because it depends only on prescribed parameters and not on the solution. For injection, the conservation of the volume flow is 2 = 0 2 +2 and the dispersion relation is given by
We may define the growth rate ␣ ϵ fЈ͑͒ / f͑͒ as a function of and ␤ is the left-hand side of Eq. ͑24͒. The cutoff is given by ␤ = 0 in place of ␣ = 0, since the coefficient of fЈ͑͒ / f͑͒ is positive for n Ͼ 1.
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A. Critical condition
From Eq. ͑24͒, we have ␤ at n =1 and 2 as
It is noted that ␤ 1 Ͻ 0 gives ␣ 1 Ͻ 0. Paterson's case is given by ␤ 1P and ␤ 2P . The mode n = 1 is marginally stable and leads to a shift of the center of the circular interface and stable. Instabilities may arise for n Ͼ 1. It is expected that instability first arises at n = 2, for which ␤ 2 Ͼ 0 gives ␣ 2 Ͼ 0.
When m = 0, we have
The equation ␤ 20 = 0 gives one solution
The equation ␤ 20P = 0 for Paterson 1 case gives one solution =6P ϵ c . For given values of P, a necessary condition for instability is denoted as Ͼ c . For given values of , a necessary condition for instability is denoted as P Ͻ / 6. The critical condition shows that the flow is stable, no fingers form until the circle radius grows to a certain radius. This can be called a critical radius c . In fact, changes with time , which means a critical time c . In 0Ͻ Ͻ c , there are no fingers, but fingers arise and grow for c Ͻ .
B. Maximum growth rate
From Eq. ͑24͒, the time-dependent growth rate is
After extending ␣ to continuous rather than discrete n, we find Eq. ͑30͒ from the condition ‫␣ץ‬ / ‫ץ‬n = 0. Thus where n max is the finger number for which ␣ is maximum and is the only one positive real-valued solution of Eq. ͑30͒. Then, the P for n max is expressed as 
IV. COMPARISON WITH EXPERIMENTS OF MAXWORTHY "REF. 12…
In gas/liquid displacement, we can put m = 0 with only a very small error. P, rather than N Ca , is constant, as is shown in Eq. ͑23͒, when the gas flow rate Q is constant.
In the abstract of Maxworthy 12 on radial injection, he referred that "Experiments on the stability of the circular interface formed in a Hele-Shaw cell when air displaces a viscous oil have shown that available theories underestimate the wavelength of the most unstable wave when the capillary number ͑N Ca ͒ is large. Apparently this is caused by a modification of the interface boundary condition by three-dimensional effects. At small values of N Ca the results overlap several of the theories and we are unable to choose among them on the basis of the present experiments." Chouke et al., 4 Park and Homsy, 6 and Schwartz. 7 The only calculations for radial fingering are Paterson 1 and now, VPF.
The other calculations are for channel flow where the maximum growth rate is determined by maximizing the growth rate over a continuum of wavenumbers defined by perturbations of a flat interface. Channel fingering is rather different than radial fingering because the important time dependence of the basic flow in Eq. ͑1͒ is absent and the action of surface tension in radial fingering is unlike that at plane interface. 12 he writes "An initially circular interface of large diameter, approximately 15 cm, was formed by injecting air very slowly into the central supply hole. the inflow velocity was sufficiently slow that no unstable waves were formed. At the initiation of an experiment the flow rate was suddenly increased to a larger constant value, the interface velocity V increased, a thicker layer of oil was left on the plates, and after a short time instability waves appeared and grew on the interface ͑Fig. 3͒. The values of b, , and V used were such that at least 30 waves were always formed, so that enough waves were generated to give a good average value for the wave number of maximum growth rate."
The results of our potential flow theory ͑VPF͒ are compared to experiments by Maxworthy 12 and theoretical results of other authors in Figs. 1-3 . In Fig. 1 , the VPF results are computed from Eqs. ͑33͒ and ͑34͒ for given values of = R / b, R = 7.5 cm, b and N Ca is given by Eq. ͑32͒. The inclusion of the viscous normal stress results in a longer wavelength.
Substitute Eqs. ͑23͒, ͑33͒, and ͑34͒ to Eq. ͑31͒ with m = 0, the relation between A max , N Ca , and is expressed as 
V. EXPLICIT FORMULA FOR THE PERTURBED INTERFACE AND THE CASCADE TO HIGHER-ORDER MODES
In the theory of linear instability of steady flows, we consider disturbance amplitudes proportional to exp͑␣t͒ with growth rate ␣. For the radial injection problem, the basic flow Eq. ͑1͒ depends on time and will not admit exponential growth. The analog of exp͑␣t͒ is f͑t͒ and fЈ / f is the analog of ␣.
In linear theories of stability of steady flow, exp͑␣t͒ tends to infinity with time t and ␣ is bounded and it's the same in the radial injection problem. In the unstable case f͑t͒ → ϱ as t → ϱ and fЈ / f is bounded. Of course, the amplitudes do not grow to the sky before they are saturated by nonlinear effects.
Referring to Eq. ͑17͒, we note that ␣͑t͒ = fЈ / f͑t͒ can be expressed in terms of R alone where R͑t͒ is related to t by R 2 = R 0 2 + Qt. We may write
͑37͒
and the form of explicit formula is shown in Eq. ͑38͒.
͑38͒
It follows from Eq. ͑38͒ that
where ␣ = fЈ / f given by Eq. ͑17͒ depends on R͑t͒ and n and not explicitly on t or R 0 .
Equations ͑38͒ and ͑39͒ depend on the initial values R͑0͒ and R͑t͒. As R͑t͒ increases, the spectrum of unstable waves increases, more and more fingers nucleate. How may this global property be interpreted?
Let us suppose, as is shown in the experiments of Maxworthy, 12 that at a certain radius, say R = 7.5 cm, 33 fingers nucleate. The plot of f͑R͒ where R͑0͒ = 7.5 cm and R = 8.0 cm is shown in Fig. 4͑a͒ . As time goes on, the radius at the tip of the finger increases to a radius where more fingers would nucleate if the radius R were not disturbed.
Cardoso and Woods
9 called this a cascade to higher-order modes.
How is this cascade realized when fingers have already nucleated? Obviously we get new fingers on the old fingers ͓see Fig. 4͑b͔͒ . Such a process could be called tip splitting with the caveat that at this stage it is probable that nonlinear effects would come into play and the fingers would split at the sides as well as tips. This kind of dynamics could lead to the fractal-like structures seen in fingering experiments.
VI. DISCUSSION AND CONCLUSIONS
We found that when the volume flow rate Q is constant, P given by Eq. ͑23͒ is constant but the capillary number N Ca depends on R͑t͒. P, rather than N Ca , is the primary parameter for radial fingering.
The discrepancy between previous theories of fingering in radial injection of gas into liquid at large capillary numbers and the experiments of Maxworthy 12 has been removed by analysis using viscous potential flow. This method has been shown to introduce effects of the viscous normal stress at the free surface neglected by all other authors.
The maximum growth rate ␣ max of VPF can arise at k max , which we could compare as A max in Fig. 1 with experiment of Maxworthy. 12 The ␣ max and k max of VPF are both smaller than those of Paterson 1 which cannot arise for smaller A max and larger N Ca , being Hadamard unstable.
We have conjectured that the cascade to higher-order modes as R increases, as predicted by the linear theory, will lead to repeated splitting of fingers which have already nucleated. The precise description of such splitting dynamics is at present not understood.
Our analysis, like Paterson, 1 is restricted to purely irrotational motions. Though Paterson's flow depends physically on viscosity, the mathematical formulation is precisely that appropriate to the potential flow of an inviscid fluid in which the pressure balances the surface tension as is done in nearly all classical solutions studied by Lamb, Taylor and many other authors. As is true for many of these classical solutions, the addition of an irrotational viscous normal stress brings these classical solutions into a better agreement with experiments and exact analysis.
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APPENDIX: COMMENTS ON BOUNDARY CONDITIONS AND INSTABILITY MECHANISMS
The authors of Kim et al. shared their manuscript with me in advance of its submission to Physics of Fluids, after which the editor invited me to contribute an Appendix. Accordingly, the purpose of this Appendix is to make some general comments about paper, to provide some justification for their use of approximate boundary conditions, and to discuss the physical mechanism of wave number selection.
Comments
Viscous fingering in Hele-Shaw cells is often analyzed using depth-averaged quantities, averaged over the thin dimension, b. This results in a set of equations analogous to Darcy's law in which the pressure is a potential for the twodimensional velocity field, with the coefficients in these equations computed assuming that the flow is a Poiseuille flow in the thin dimension. Two issues then arise: ͑i͒ what is the justification for assuming these equations hold at an interface ͑where the assumption of Poiseuille flow must necessarily break down͒, and ͑ii͒ since the depth-averaged equations are lower order than the ͑Navier-͒ Stokes equations, what are the boundary conditions to be applied to solutions of these equations? The resolution of such issues has been the subject of many investigations 6, 12, [14] [15] [16] [17] [18] with the general result that the fields computed from the depth-averaged equations ͑henceforth referred to as the "outer solutions" of the "outer equations"͒ are subject to corrections within a distance of O͑b͒ of the interface, and that the smooth but rapid variation in pressure can be replaced by a jump condition at the interfacial position, projected onto the bounding plane of the Hele-Shaw cell. These jump conditions are derived in the spirit of matched expansions, where "inner" solutions valid near the interface are matched asymptotically to the outer solutions. Dimensional analysis and scaling indicate that ͑in addition to the viscosity and density ratios͒, two parameters govern the problem: an aspect ratio of macroscopic length gap width, ͑ = R / b in the present context͒, and a capillary number, Ca= U / . When both Ca and 1 / are small, they combine to form the "modified capillary number," CaЈ = 2 Ca, yielding the so-called Hele-Shaw equations. 15 In particular, the pressure jump at the interface, computed from the outer solutions, satisfies
where ͓ ͔ notation denotes a jump condition and f͑͒ is a function of the contact angle. 16 ͓Both cos͑͒ and f͑͒ are taken, somewhat inconsistently, to be unity by Kim et al.͔ The correction terms have been computed for wetting fluids through a Bretherton-type analysis 6, 17 for small Ca, and nu- 
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Viscous potential flow analysis of radial fingering Phys. Fluids 21, 074106 ͑2009͒ merically otherwise. 14 There are similar correction terms for the kinematic condition that take into account the small jump in the average velocity due to some of the displaced fluid being left on the walls. Taking only the lowest order terms, linear stability theory predicts that the wavelength of the maximum linear instability growth scales as
These predictions are in disagreement with experiments for large modified capillary number. In particular the experiments of Maxworthy 12 show that for radial injection,
Ϸ 5b, CaЈ ӷ 1, ͑A3͒
i.e., the fingering is on the scale of the gap width. This discrepancy is usually attributed to "three-dimensional effects," but attempts to explain it by including correction terms in Eq. ͑A2͒ and in the kinematic condition have proven unsuccessful. The paper by Kim et al. advances a totally new approach toward resolving the discrepancy, which is to consider the total normal stress ͑rather than only the pressure͒ in formulating jump conditions. They further take the bold step of evaluating the viscous normal stress from the outer solutions for the velocity field. The result is to bring theory and experiment into much better agreement: in particular, they find that the normal viscous stress, as evaluated from the outer solution, is capable of providing a cutoff of small scale instabilities, with the result that for the conditions of Maxworthy's experiments, their Eq. ͑35͒ is equivalent to
This is the only theoretical result providing this level of agreement, which is remarkable and certainly worthy of further discussion, explanation, and justification. The analysis of Kim et al. applies boundary conditions at the interface evaluated using the depth-averaged outer fields, their Eq. ͑4͒. All else follows from this equation, which begs two important questions: ͑i͒ what are the approximations involved in computing the viscous normal stress from the outer, depth-averaged fields, and can they be justified, and ͑ii͒ what is the physical mechanism responsible for the result in Eq. ͑A4͒?
Justification of approximate boundary conditions
Justification for the computation of the normal viscous stress at the interface from the outer flow fields requires some thinking about the details of the flow in the thin gap. Two distinct situations may be identified. The first, not of relevance to the experiments of Maxworthy, is when the fluids are partially wetting so that dynamic contact lines are present. The correct computation of the normal viscous stress involves the solution of the Stokes or Navier-Stokes equations, something that to my knowledge has been achieved only for the special case of 90°contact angle in tube flow. 18 What can be stated in general is that the apparent contact angle differs from the static value by a term of O͑Ca͒, leading to a small, O͑Ca͒ correction to Eq. ͑A1͒.
The second situation, relevant here, is for wetting fluids such as silicone oils used by Maxworthy in which there is a thin layer of the viscous fluid left on the walls of the HeleShaw cell. The thickness of this layer is known to be small for small Ca. The meniscus shape in the thin gap is similarly known to be approximately cylindrical in this limit. Since the meniscus is moving with a steady speed, the instantaneous streamlines in the laboratory frame are horizontal near the centerline while away from it they must bend ͑i͒ because of the shape of the meniscus, ͑ii͒ in order to accommodate the effect of the wetting layer and ͑iii͒ in order to adjust to a Poiseuille profile far from the interface. The effective permeability relating the velocity to the pressure will vary with axial position, reflecting the variation with distance from the nose of the shape of the velocity profile in the thin dimension. Since this affects only constants of proportionality between the pressure and velocity, the depth-averaged normal viscous traction vector 2e ij n j , where e ij is the rate of strain tensor, is given correctly in order of magnitude by the potential flow.
The computation by Kim et al. of the normal viscous stress as if it were acting on a vertical interface is clearly an additional approximation: a more refined calculation will not alter the basic physical mechanisms and scalings discussed in more detail in the next section, but it will change the numerical coefficients. It remains an open question as to whether accounting for the bending of the streamlines and the resolution of the normal stress along the direction of propagation of the interface will improve the numerical agreement between Eqs. ͑A3͒ and ͑A4͒.
Mechanism
The question naturally arises as to how the viscous normal stress is responsible for stabilization of short waves leading to the result, Eq. ͑A4͒, in the absence of the usual stabilization due to the capillary pressure produced by the transverse curvature. Of course the answer is embodied in Eqs. ͑28͒ and ͑29͒ but in an opaque way. A simple approximate analysis in the limit of large azimuthal wave number, n, small but fixed b, large viscosity contrast, and negligible surface tension gives considerable insight.
Since the bulk dynamics are quasistatic, the kinematic condition, Eq. ͑12͒, governs the time dependence of small perturbations. Using the expression for 01 , it is easy to show that the first two terms of Eq. ͑12͒ ͓taking a time scaling for which Q / ͑2͒ = 1 for simplicity͔, give da/dt = − a/R 2 . ͑A5͒
Equation ͑A5͒ is equivalent to the author's Eq. ͑19͒ and indicates that for unit viscosity ratio, the interface is stable. Therefore the expression for the perturbation normal velocity −͑ 1j ͒ r is at the heart of the issue as it gives the potential for instability. This quantity is determined by the normal stress balance, Eq. ͑14͒.
It is easy to show that the viscous normal stress of the base state is insignificant in influencing the growth rate. A simple calculation shows that the first bracketed term in Eq. ͑14͒, ͓͑p 0 + 2 0,rr ͒ r ͔ r=R = ͑ 2 − 1 ͒͑12/͑b 2 R͒ + 4/R 3 ͒. ͑A6͒
Since = ͑R / b͒ ӷ 1, the contribution of the normal viscous stress to the destabilizing terms is negligible and the destabilizing term is identical to that which obtains in the absence of the viscous normal stress, i.e., ͓͑p 0 + 2 0,rr ͒ r ͔ Ϸ 12͑ 2 − 1 ͒/͑b 2 R͒. ͑A7͒
The influence of the viscous normal stress therefore arises primarily from the dynamics of the perturbations. The full numerical results of Kim et al. show that when surface tension is negligible the instability is characterized by a very large azimuthal wave number, n. Inserting the expressions for the potentials for the perturbation flow, Eq. ͑11͒, into the normal stress balance, and taking the limits n ӷ 1, b fixed, = 0, and 2 ӷ 1 ͑appropriate to the experiments͒ one finds that the normal viscous stress exerted by the more viscous fluid dominates the pressure of the perturbation flow due to the higher order of differentiation with respect to r. In this limit, the normal stress balance requires that the viscous normal stress balances the destabilizing term, Eq. ͑A7͒, with the result that 1r = − 6a/͑b 2 n 2 ͒. ͑A8͒
Then, the dynamic equation becomes da/dt = a/R 2 ͕− 1 + 6R 2 ͑b 2 n 2 ͖͒, n ӷ 1, b fixed.
͑A9͒
The second ͑destabilizing͒ term arises from the balance of the destabilizing pressure gradient in the base flow with the normal viscous stress of the perturbation flow. The result, Eq. ͑A9͒ is incapable of making predictions of the wave number of maximum growth rate, as it is asymptotic for very large n, but it is easy to see that the cutoff value of n is O͑R / b͒ ӷ 1, with the result that ϳ b. ͑A10͒
